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The problem of explosions above surfaces of liquids is studied under the
following assumptions:

{(a) the effect of the external explosion on the motion of the free
surface of the ligquid can be simulated by an appropriate unsteady pressure
distribution over a time-varying area;

(b) the motion of the liquid is linearized, which can be justified by
the large difference between densities of liquid and gas;

(c) the liquid is considered as incompressible. This assumption in-
creases in validity as the ratio of the speed of sound in the real
liquid to the propagation speed of the shockwave over the surface in-
creases.

These assumptions make it possible to reduce the problem at hand to a
problem of infinitely small surface wave disturbances over a heavy incom-
pressible ideal liquid. Apparently, this conceptual setting was first
used by Lamb [ 1 ] in connection with problems of long surface waves. In
modern times, wave motion from this point of view has been studied in
some detail by Finkelstein [2]. A similar approach was also used by
Voit [ 3], Cherkesov[4 ], and others.

From the results for explosions above heavy liquids, it is easy to de-
rive the motion of free surfaces of weightless fluids by letting the
gravitational constant g approach zero, This condition corresponds to the
initial effects of the explosion when the pressure forces dominate the
gravitational forces.

1. General expressions for the potential. Let a given pressure
polx, ¥, t) be applied to free surface of a liquid extending to a depth
h. The velocity potential in the liquid &(x, y, z, t), satisfies
Laplace’s equation, A¢ = 0; the system of coordinates is chosen as
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usual in the theory of surface waves* and t is time. If {(x, y, t) re-
presents the displacement of the free surface from the plane z = 0, we
can derive the boundary conditions at this surface from the Cauchy-
Lagrange integral, utilizing the basic assumptions of the theory of in-
finitesimal waves:

azq) 0(p 14 Y Y,
e =— BEND  gor s (1.1)

One step of this derivation leads to a relation from which we may find
the displacement {(x, y, t).

a i *
£ T8y ) =— L2820 (’; 4.9 (1.2)

At the bottom we obviously have
—:0 for Z='—'h (1-3)

In dealing with an explosion over an initially calm surface we adopt
as initial conditions:

=0, d/ot=0 for t=0

By means of Equation (1.2), the initial conditions can be expressed as
follows:

o9 _ __ Po(29,0) 0%
3t |2=o P ’ or
t=0

— 1 opy (z. y, 1)
tz=() - p ot =0 (14)
=0

A two-dimensional Fourier representation is used for the desired
potential function:

oy, 20— \ | 6 m 206 & gy (1.5)
where R
 0py (&, m, %) hx(z+h
- * . r iy . ch %
o Emz ) =— [po(E, 7, 0) sin ot + S—"a—T sino (t — 1) dr] Pcc—;uh)
[

«=VETTE, o=Vl

and the asterisk denotes the Fourier transform.
~

* x, y axes in the undisturbed plane of the free surface; z axis upward,

opposite to gravity.
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2. Point-explosion above a body of liquid with finite
depth. In this case the effect of the explosion on the fluid begins
when the spherical shockwave touches the surface of the fluid. Sub-
sequently, the effect is felt on the free surface in a region of imposed
pressure variations. Evidently, this region is a circle, the radius of
which is a known function of time, Jenoted by r (t).

Assuming that the pressure is always finite, the axial symmetry of the
problem leads to the expression for the velocity potential:

ro(0)

z+h ing
9 (r, z, t)=—§§&"hi‘hg L7y 5t e apy (@, 0) 7, () da—
0 0

(o] t [e)
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0 o 0

o=} gEthth (2:1)

Here J (u) is a Bessel function of order , r is the radius in a
cylindrical coordinate system, and p,(a, r) represents the disturbing
pressure,

In the expression (2.1) the function pyla, 7) differs from zero only
inside a circle of radius @ < r (r), and is identically zero outside.
Hence

o0 o (T)

dp, (a, 9 _
8¢z.lbgz T)Jh(a&)dazzzgg- S ap, (a, ©) J, (at) da (2.2)
[1]

0

so that Formula (2,1) is easily reduced to:

ch&h
0 0

00 t o
o(r, 2, t) = -—:— SEMJO (t) dt Scoso(t—-‘r)drg ap, (a, ©) J, (a€) da
0

Let us find the expression for the shape of the free surface of the
liquid. Clearly, we must evaluate the limit:

S 7o (1)
lim Saﬁh—sagg;ﬂJO (rE) dt ﬂ ap, (a, ) J, (ab) da +

0

ro
+—llmSE2thEhﬂ}f§—mJ (rt) de Swdrgapo(a, 7)J, (af) da
0
Keeping in mind that the integral in the first part of this expression
is equal to p,(r, t), we are led to the following form of the free
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surface:
C(r, t) =

1y Ch chE (s + 1) sing (t—71) , |
-1 EL’?§E thpBEEED 7, (E)dsgw——df§apo (@, 9)J, (¢)da

Let the function py{a, r) be given as a series in even powers of the
radius a on the surface:

Po (e, 1) = 2ha (e (2.3)

n==0

where A (r) are known functions of time. Using the identity

Ty

o, @) do =t g 3 o = Zn;'ifl)

0 ma=()

we arrive at the series expression for the free surface:

C(r t) == 2 2 Lnmbnm (7’ t) QL = w (24)

n=0 m==0 (n - m)!

z;nm (7'; i): chEh
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0

J (re8) si —
m41\Tes) sino (2 — 1)
En &

(2.9)

In the expressions for ¢ the order of integration is inverted.

nm*

3. The shape of the free surface in the case of infinite
depth. In this case, the limiting process h » « yields.

t oc
— - . gy (To) sin Vge (¢ — 1)
Cam(r, )=\ () rp2r—m+1 (1) dx lim \ Ee52/ (rE) ot 10 8t s (3.1)
(S ’ 2"°§ ° gm 3

Let us seek the limiting value of the integral S, as z > 0:

(=] J N g .
- SEeEZJO(rE) "”gm(r“a SmV{e/i__(é‘ 2 (3.2)

Using Parseval’s theorem for the Hankel transforms of first order [ 5]

Sm={Ex®¢@ %= Ju ()4 (@)

[



728 V.M. Kisler

Here:

() = Jm_;.; 75:'05) ’ G (E) = €527, (rf) sin )/ g (t — 1)

Ve

T 7 g g(rof) Ta(ub) ) v sin VEE ({ — <)
@) = |\ R T, O (u) = \ Bt (rt) J, (uf) 22V EETT) g

§ gmt § 0 V gk

We note that for m = 0 the conditions for the applicability of
Parseval’s theorem are not satisfied. Hence the preceding transforms are
valid only for m > 0. For m = 0, the limiting value of the integral (3.2)
is obtained differently, namely by analytic continuation from m > 0. We
note that for m > 0, x*(u) represents a known Sonine integral [6 ]

. ol u(rt—wy™?
Y (w) = T pr— —ry 0 <u<rg) (3.3)

In order to evaluate y*(u) at z = 0 we first note that

¥ = — g {70 () 7, ) SRVEL=D

0

Let us seek the limiting value of the integral, which is to be differ-

entiated with respect to u. We apply Parseval’s theorem to the Hankel
transform of zero order

L = \ e&J (r&) J. (uf sin]/g_&_(f-—'t) dt — Egzjo("E)Je(“E) SiﬂVg—E(l_—")
§ o8 o () = & S,e £ Vg

where & is a parameter between zero and unity which will be made to
approach zero. We have

[ee]

L={5®4®d = (un @) (@) dv

0

(3.4)

Here

s () = o). w) = (7 (78) T (), () it

0

__ sinVgE(t—1) £ . _O? ; sin YV gE (t — 1)
W) =y (w>—§eE Ty (uh) ST e

The conditions of applicability of Parseval’s theorem are fulfilled
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only for 8 > 0. However, inasmuch as the left-hand side of (3. 4) repre-
sents a continuous function L, which is independent of &, we deduce the
following equality by letting & approach zero:

L= lbi_% S wy (W) 4, (w)dw = gwxlo' (w) 1o (w) dw
Here ’
Kao” (W) = §Jo (r&) T (uE) Jo (wE) EdE, ¢y, (w) = § ek J, (wk) 2@?%:*_) &t

Since x;,*(w) represents a generalization of the Beber-Schafheitlin
integral,

2
2 VI + W —wt) [P — (- — w)?]

Y10 (W) = (r—ul<w<r+u)

For the evaluation of ¢, ,*(w) at z = 0, we take note of the relation

1/qre
Jo (uk) = 12-; S cos (wk sin 6) do

0

so that
Ym0 —
. 2 - . sin Vg€ (t — 1)
=2\ df \'e& cos (wEsin ) — 22— " dE 3.5
$io (W) == § §e (wt sin 9) s (3.9)

Further evaluations will be carried out for z = 0. The correctness of
the interchange of the order of integration in the formulas below is
easily justified [7 ]. We carry out this interchange in (3.5) with the
aid of the relation

wEsin 6 = v»?
. t—= g \
We also introduce the parameter f = —— <————> . Now,
2 \wsin6
2 ' 240
$10" (W) [z=o = S

[ve]
——— \ cosv?sin 2Bv dv
J V gwsin 6 §, P

Elementary manipulations yield
o] 1
E(8) = Scos v2sin 280 dv = BSsin 82(1 — A2)dh
0 0

In this manner,
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2 T op @6 2(—) ¢, & do
. | _2 7 (| . —1 . "
$1p” (W) fa=o = S Veawsing ™ Sd)\ Ssm sin® sin6
0 0 0
gl —n)?
(=85 a—m)

Let us introduce an ew variable of integration v into the second
integral of the last formula

1 p—
sin®

do
sin 0

chy, = —dv

1
. t— ' t — )% ’
b @) emo == (T [0 — 29 b
0
Once more we change the variable of integration

1 9>
1 — 2 =cos ¥, dh = — cos - d9
Ve 2

and we obtain

. _t—x € [al—p 9 1o —
$10 (W)| 2=0 = V2 § Jo[ y” cosd ]cosé—d% =
_Tl—=7 5 Jelt—1)? gt—1)7"
 2Y 2w J%;[ 8w JJ _;_[ 8w J (3.6)
Finally, writing the desired expression as
r—i—.u (t )2. ( )2
lez _ t—_'r J gt—r J g(t—n~ %
g e
dw t—-
= — v .
A e e T AR A (3.7)

it is not difficult to find the limiting value for S, at the surface, for
m=1, ..., n:
To
S o = — — t—1 S oM (r,u, t, 1)
V227 gn— )l rg™ du

(72 — u?y™uidu (3.8)

For the case m = 0, we obviously have

a
So= — g (L L]
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Therefore,
__t—TdM(r,ro, 8, T)
M IZ—O - Vz are (3'9)

As a consequence, we obtain for the expressions (3.1)

t

— 1 n oM (r, rg, t,
Cno (ry 8) = — % S M (T) 8 +1(1:') %—T—)U——‘t)dﬂr
0
p (3.10)
# - 1 2n—am
Com (1, ) = =~ Sx (2) rEE™ (2) (t — ) de X
% S ﬂ’faf:ﬂm?— whrtutde  (m=1,...,n)
0
The shape of the free surface is then given by
o 1
— n oM (r, re, t, T)
(r, t) oV n§0§ A () re2rt1 (1) ————gro——( —1)dt +
t
(—D™nl2 o
sz 21 > et T ) P (7 (2) (¢ — ) de X
n= 0
re
X S oM, u,t ) (r’a:' L) (72 — u¥)™luidu
0
It can be shown that this formula can be reduced to
L ¢ oM )
’ r,ro,t, T
C(r, t)= V3 § ar(; DPolro(T), t]ro(t) (t — 1) dr —
t Ty
1 ¢ oM (r, u,-t, 'r) dpo (u, T)
_m& (t —1)dx S = ) pdy (3.11)
0 0

where p, is the function given in a series form in (2.3).

4. Evaluation of the function M. The function M(r, ror t, 7)),
defined through (3.7), can be represented as follows:

M(r,ry t, =208 (g B Lonl) gy

r+ro 8(r-kro)* " r-m
Here
1
My(A, k)= }Sﬁ_(?)l_;_ (7) VI —ab) (22 —k?)
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Then,
oM 1 DA, B +EAFRYA R—LA, Bl forr>rg (4.2)
oo (r+ro)2{®(A.~ By—k(l—k) (¥ (4, ) —L(4, k] forrlr, ’
Here .
A AN A dz
@ (4, k) = § [J;__ (%) Iy (*) = ey
t k dx
Y4, k)= S[ ( ) --( ) i_( ) — 1(:,;2—;:2)1/(1-—%)(:2—&2)
A 4\ EVTI=B—REY1—k)
LA, K)=J (7;)J_1_(-k~> e

where K and E are the complete elliptic integrals of the first and
second kind.

When the motion of the free surface outside the region of the applied
pressure is considered, then r always exceeds rj, i.e. k> kg # 0. The
integrals ®{4, k) and W(4, k) can then be found by numerical integration
as functions of parameters A and k; these functions do not depend on the
actual form of p;. However, the above formulas lead to excessive computa-
tional difficulties when the motion of the free surface within the region
of applied pressure is considered. Since in that region the effect of the
explosive pressures will tend to dominate, it is meaningful to study the
problem of explosions above the surface of weightless incompressible
fluids. Letting g = 0 in Equation (4.1), we obtain

2V3 K(V1—iy

M= b7 r--re (43)

Hence (4.4}
FK(YT—F)—EWT—F)+ (1—k

M V3 2y3 kA —h) for r>ro

oo~ m(P—red)  mUFr REWVT—B+EWVI—B—(0+H o,

EA+ R *

These formulas make it possible to determine the displacement of the
free surface for arbitrary values of r. For instance, we find £(0, t) of
a weightless fluid when the applied pressure is independent of r, p, =
F(r). It is easy to see that

1
C(O, t)=“—'i?g F(‘r}(t——'c)d‘r

s (T)

If H stands for the height above the liquid surface at which the
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explosion occurs, ty for the time between the explosion and the first
arrival of the shock at the free surface, and if Ro(tH + 1) designates
the spread of the shock in the gas above the liquid, then

ro(t) =V R (tu + 1) — H?

For small values* of r

ro(t) = vV 2HRY (tg) + 0 (1)

It follows that the displacement of the free liquid surface directly
under the center of the explosion is always finite for arbitrary pro-
pagation rates of the shock in the gaseous medium above the liquid, pro-
vided F(r ) satisfies suitable conditions.

Incidentally, let us remark that in the case of explosions above
ponderable fluids, it is possible to take advantage of the smallness of
the ratio A/k for the evaluation of the free-surface displacements out-
side the pressure-affected region even when k is small, Developing the
product of the Bessel functions, occuring in (4.1) in the integral for
M,(A, k), into a series and keeping only its first two temms, we find
the expression for M(r, ros ts 1)

M(ryrg, t, V)= n%}fr)[K(Vi — k) __.< k)ZE(Vm)} (4.5)

Partial differentiation of M(r, ror ts 7) with respect to the para-
meter r, provides the remaining information necessary for the evaluation
of the surface displacements.

In conclusion the author expresses his sincere appreciation to A.A,
Nikolskii for guidance in the present work.

* Undoubtedly, the prime in Ro' represents the derivative of Ra and
0(r), terms of order r or smaller.
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